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Abstract
Bio–hybrid system are morphing structures whose shaping can be electrically driven and strongly depends on the geometrical and
mechanical characteristics of the system. The estimation of those characteristics which allow for getting target shapes is a great
challenge. We present and discuss an approximate model for narrow bio–hybrid strips which works well in plane bending. A
generalization towards three–layers bio–hybrid system is presented.
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1. Introduction
Bio–hybrid systems are generated from the assembly of biological active materials and synthetic polymers, and
can be used both as soft actuators and to investigate a biological system, through the analysis of its structure, function,
and working conditions.1,2 In particular, we have in mind bio–hybrid systems based on the muscular thin ﬁlm (MTF)
technique, which enables cardiac myocytes to be engineered on a thin ﬂexible substrate.3 From the point of view of
continuum mechanics, those bio-hybrid systems may be viewed as soft morphing three-dimensional systems whose
shaping can be electrically driven, and depends on the geometrical and mechanical characteristics of the system as
well as on the orientation of the cardiac myocites. A key issue concerns the estimation of the characteristics of the
system which enable to get, under electrical stimulus, three–dimensional shapes.4,5
In the past, we proposed an electromechanical modeling of those bio–hybrid systems, set within the context of
ﬁnite elasticity with large distortions, based on the following points: (1) muscle tissue contractions are described
through distortions; (2) distortions are driven by the propagation of the action potential (AP) within MTF through
an excitation-contraction coupling model; (3) the propagation of the AP is ruled by an ionic model consisting of a
system of two reaction-diﬀusion equations (RDEs).6,5 Therein, we also set the inverse shaping problem for a speciﬁc
bio–hybrid system;1 our aims were to calculate the distortion ﬁeld necessary to produce a target shape, for a given
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set of design parameters (both geometrical and mechanical), and determine an admissible range of design parameters
corresponding to the same solution.
In the present paper, we propose an approximate model for bio–hybrid narrow strips which allows to describe
bending performances of those systems, and to analytically set and solve the inverse shaping problem. The comparison
of the outcomes of the model with the fully three–dimensional nonlinear model above cited is discussed. At the end, a
proof–of–concept based on three–layers bio–hybrid strips capable to twist and generate helicoid–like and ribbon–like
shapes is discussed.
2. Background
A bio–hybrid system consists of a passive and a biological active layer working in parallel. When an external
electrical stimulus activates the myocytes in the biological layer, the cells contract; the global eﬀect of the contraction
may be either the stretching or the bending of the specimen. For the material and geometrical characteristics of
the layers of MTF, the minimum energy state corresponds to the bending of the bilayer system; the magnitude of
the bending is aﬀected by the geometrical and mechanical properties of the system, whereas the ﬂexure plane is
determined by the direction of the myocytes. When the direction of the myocytes is ﬁxed, the design of the bio–
hybrid system involves the design parameters (ha, Ea; hp, Ep) representing the thickness and the elastic modulus of
the active and the passive layers, respectively. Among the questions to be investigated there is the determination of
the admissible range of the design parameters yielding a target bent shape. Even if myocites contraction is driven by
the electrical potential, it has well–known biological limits; hence, the design problem can be set considering only the
elastic problem of the bio–hybrid system, with the myocytes contraction acting as a datum.
2.1. Mechanics
The mechanical behavior of both the active and passive layers of the bio–hybrid system can be set within the context
of three–dimensional (3D), incompressible, nonlinear elasticity with large distortions.7 To this aim, we introduced the
time line T and the three–dimensional Euclidean ambient space E and identiﬁed the bilayer system with a three–
dimensional body manifold B ⊂ E, whose motion is described by the position–valued ﬁeld
p : B ×T → E , (y, τ) → x = p(y, τ) , (2.1)
assigning to each material point y ∈ B and time τ ∈ T a place x ∈ E that is referred to as the place occupied by
y at time τ. Denoted with V the translation space of E and with u : B × T → V the displacement ﬁeld, it holds:
x = y+ u(y, τ). We described distortions through the introduction of a smooth tensor–valued ﬁeld Fo : B → Lin with
positive Jacobian determinant Jo := detFo > 0 . The distortion ﬁeld Fo was assumed to be anisotropic, to account
for the anisotropic structure of the biological layer; moreover, as contractions of the myocytes are isochoric, Fo was
assumed volume–preserving, i.e. Jo = 1. Denoted with ε the shortening of the myocytes, we wrote:
Fo(ε, y) = (1 − ε) a(y) ⊗ a(y) + 1√
1 − ε (I − a(y) ⊗ a(y)) , (2.2)
where a is a material unit vector ﬁeld denoting the direction of the myocytes. Typically, the largest shortening that
can be expected from cardiac cells is about 0.3 (30%); hence, the admissible range for ε is assumed to be (0, 0.3).
We deﬁned the elastic deformation Fe as the diﬀerence, in the sense of the multiplicative decomposition, between the
visible deformation F and the distortion Fo: Fe = FF−1o . The local and exact strain measure to be used in the theory
of ﬁnite elasticity with distortions is
Ce = FTe Fe = F
T
o CF
−1
o , (2.3)
with C = FT F the standard strain measure of ﬁnite elasticity. We assumed that the free–energy density ψo per unit
relaxed volume dVo = Jo dV is a function of the elastic deformation Fe: ψo(y, τ) = ψo(Fe(y, τ)). Given ψo, and granted
for the multiplicative decomposition of the deformation gradient, the strain energy density per unit reference volume
ψ may be represented as a function of F = Fe Fo, deﬁned by
ψ(y, τ) = Jo(y)ψo(Fe(y, τ)) . (2.4)
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We described the incompressible material response through the nearly incompressible material model based on the
splitting of the strain energy density ψo into a purely isochoric ψos and a volumetric contribution ψov such that
8
ψo(Fe) = ψos(Fs) + ψov(Je) , Fs = J
−1/3
e Fe , Je = detFe . (2.5)
Speciﬁcally, we assumed that
ψos(Fs) =
1
2
μ(Fs · Fs − 3) , ψov(Je) =
1
2
k(Je − 1)2 ; (2.6)
μ is the shear modulus of the material, and k is the bulk modulus, assumed to be much larger than μ to approximate
material incompressibility. The reference stress S took the following constitutive representation:
S =
∂ψ
∂F
= μJ−2/3e Fe
(
I − 1
3
(Ce · I)C−1e
)
− pF , p = −k(Je − 1) . (2.7)
The direct problem of elasticity consisted in the following: given Fo, ﬁnd the displacement u that solves the balance
equations Div S = 0 inB, and satisﬁes appropriate boundary conditions on ∂B. The inverse problem can be formulated
as: given the displacement u, ﬁnd the design parameters which are needed to realize that u under a physiological range
of contraction ε. The outcomes of the numerical implementation of the model are discussed together with the results
of the approximate model below presented.
3. Bio–hybrid narrow strips under plane bending
As design problem in bio-hybrid systems may be expensive, when managed by FE simulations, we present and
discuss a one–dimensional approximated model to described plane bending of bio–hybrid beam–like systems. Pre-
cisely, the plane bending is driven by two parameters which represent the active contraction of the myocites layer and
a possible pre stretch within the passive elastomeric layer.
Figure 1 shows a sketch of the muscular thin ﬁlm (MTF) whose plane bending we are going to study. The thickness
of the MTF is denoted as h and it is equal to the sum of the thicknesses hp and ha of a top passive and a bottom
active layer, respectively. Correspondingly, we denote as Ep and Ea the Young moduli of the two layers. The two
key parameters at the center of our design problem are the thicknesses and Young moduli ratios: m = ha/hp and
α = Ea/Ep. Assuming ﬁxed the thickness ha and the Young modulus Ea of the myocites layer, the parameters m and
α are directly related to the thickness hp and the Young modulus Ep of the passive layer. We assume that the plane
hp
ha
b
x1 x2
x3
L/2
Figure 1. Sketch of a bio–hybrid narrow strip: ha and hp measure the thicknesses of the active and passive layer, respectively.
x2 = 0 is the ﬂexure plane and that beam’s cross sections stay ﬂat. With this, the longitudinal stretch λ(x1, x3) suﬀered
by the longitudinal ﬁbers may be represented as
λ(x1, x3) = Λo(x1) + x3Λ1(x1) , Λ1 = Λ20 κ , (3.8)
with Λ0 and κ the possibly large longitudinal stretch and curvature of the beam axis (κ > 0).1 It is assumed that
the longitudinal visible stretch can be multiplicatively split into an elastic and an inelastic factor: λ = λeλo; the
1 It is worth noting that it should be λ = Λo(1 + y3κ), being y3 the coordinate along the beam thickness corresponding to x3 in the deformation
process; we assumed that y3 = Λo x3.
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decomposition holds within each layer of the system, also if the inelastic component λo may well assume a diﬀerent
physical meaning within the two layers. In particular, we consider the distortion of the passive layer as representing
a pre–stretch, possibly prior to the activation–induced bending, whereas the distortion of the active layer is assumed
to model the active shortening of the myocytes, when electrically stimulated. From now on, we denote the distortion
inside the passive layer as λpso and assume it always larger than 0 (λ
ps
o > 0). Moreover, we denote the distortion of the
cardiac tissue as 1 − ε, being ε the shortening of the muscle cells, taking the value 0 when the muscle cells stay in
their rest state.
So, only looking at the longitudinal deformations mismatch due to λpso and ε and considering it as the main cause
of the bending of the system, we assume that the total energy of the system can be represented as
E = 1
2
b
∫ h
2−βh
− h2
Eb
( λ
1 − ε − 1
)
(1 − ε)dx3 + 12b
∫ h
2
h
2−βh
Et
( λ
λ
ps
o
− 1
)
λ
ps
o dx3 . (3.9)
We look for uniform longitudinal stretch and beam curvature, plug equation (3.8) into (3.9), and represent the func-
tional E as a function of the two variables Λo and Λ1 as
E = 1
2
Bp f (m, α, ε, λ
ps
o )Λ21+
1
2
Apmhp
(Λo − λpso
λ
ps
o
− α
1 − ε (Λo − (1 − ε))
)
Λ1+
1
2
Ap
( (Λo − λpso )2
λ
ps
o
+
αm
1 − ε (Λo − (1 − ε))
2
)
,
(3.10)
where
f (m, α, ε, λpso ) =
1
λ
ps
o
+ 3αm
1
1 − ε + 3m
2 1
λ
ps
o
+ αm3
1
1 − ε , (3.11)
whereas Ap = bhpEp and Bp = 1/12bh3pEp are the axial and bending stiﬀnesses of the passive top layer. The
corresponding Euler–Lagrange equations deliver the following linear system in the unknown Λo and Λ1:
Ap
( 1
λ
ps
o
+ m
α
1 − ε
)
Λo +
1
2
Apmhp
( 1
λ
ps
o
− α
1 − ε
)
Λ1 = Ap(1 + αm) ,
1
2
Apmhp
( 1
λ
ps
o
− α
1 − ε
)
Λo + Bp f (m, α, ε, λ
ps
o )Λ1 =
1
2
Apmhp(1 − α) .
(3.12)
Remark. Let us note that the longitudinal stresses corresponding to the energy functional (3.9), are
σa(x1, x3) = Ea
(λ(x1, x3)
1 −  − 1
)
, −h
2
< x3 <
(h
2
− βh
)
,
σp(x1, x3) = Ep
(λ(x1, x3)
λ
ps
o
− 1
)
,
(h
2
− βh
)
< x3 <
h
2
,
(3.13)
in the active and passive layer, respectively. Moreover, under no external loads, the total force and total moment on
each cross section of the beam must be equal to zero:
b
∫ h
2−βh
− h2
σa(x1, x3)dx3 + b
∫ h
2
h
2−βh
σp(x1, x3)dx3 = 0
b
∫ h
2−βh
− h2
x3σa(x1, x3)dx3 + b
∫ h
2
h
2−βh
x3σp(x1, x3)dx3 = 0 .
(3.14)
Equations (3.14) deliver the same linear system shown in 3.12. •
The solution of the linear system (3.12) may be expressed in the following form
Λo = Λˇo(ε, λ
ps
o ;m, α) and Λ1 = Λˇ1(ε, λ
ps
o ;m, α, ha) , (3.15)
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with
Λˇo(ε, λ
ps
o ;m, α) =
(ε − 1)λpso (ε(1 + αma(m)) − 1) − αm(a(m) + λpso (3 + m(3 + m + αm2)))
1 + ε2 − 2ε(1 + αλpso mc(m)) + αλpso m(4 + m(6 + m(4 + αλpso m)))
,
Λˇ1(ε, λ
ps
o ;m, α, ha) =
6
ht
αm(1 − ε)λpso (ε − 1 + λpso )(1 + m)
1 + ε2 − 2ε(1 + αλpso c(m)) + αλpso m(4 + m(6 + m(4 + αλpso m)))
,
(3.16)
where a(m) = 1+3m(1+m) and c(m) = 2+m(3+2m). We compare this solution with the one derived via ﬁnite element
implementation of the corresponding fully 3D nonlinear model already presented.5 We choose the beam sample as
1 mm long, 1 μm wide and 26 μm thick, a longitudinal alignment of the myocites, and an the aspect ratio h/b > 1 (it is
a critical parameter that deﬁnes the range of applicability of the 1D model). Figure 3 shows the comparison between
the analytical and the numerical solutions in terms of the longitudinal axis stretch Λo and the curvature κ = Λ1/Λ2o,
corresponding to m = 2/9 and α = 0.04. The solution is plotted versus the shortening ε for two diﬀerent values of the
pre–stretch λpso (= 1, 1.1). It is worth noting that, for ε = 0, the longitudinal axis stretch is approximately equal to λ
ps
o
whereas the curvature κ is zero if and only if λpso = 1. Beam’s curvature is also plotted versus m and α, for diﬀerent
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Figure 2. Comparison between analytical (solid lines) and numerical solutions (dots): longitudinal axis stretch Λo (left) and curvature κ (right).
values of α and m, respectively, with all the other parameters ﬁxed. The curvature increases monotonically with both
m and α.
Our simple 1D model may also be used to compute the time course of the beam’s curvature κ when the time courses
of the pre–stretch λpso and the shortening ε are assigned. For example, if ε(t) = 0.3 sin2(π f t) and λ
ps
o = 1 + 0.1(1 −
exp(−t/τ)), the curvature of the system is depicted in ﬁgure 4 (left) when f = 1 Hz and τ = 0.2 s1,2. Finally, a
comparison between our 1D model and the results of the theory of bimetallic thermostats9 is presented. This theory
prescribes that the curvature depends on α and m as
κ ∼ 6
h
1
3 + (1 + mα−1/(1 − m))(m2 + α(1 − m)3/m) . (3.17)
This relationship between κ and the couple (α,m) does not involve the shortening and the pre–stretch; therefore, for a
ﬁxed value of the couple (ε, λpso ), a scaling factor should be chosen to make a comparison between our 1D model and
the theory of bimetallic thermostats.
Figure 4 (right) shows the comparison between the Timoshenko model and our 1D model for λpso = 1 and ε =
(0.15, 0.3): the agreement is very good and the scaling factor depends almost linearly on ε.
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Figure 3. Curvature κ versus α for diﬀerent values of m = 2/9, 3/9, 4/9 at ε = 0.3 (left); curvature κ versus m for diﬀerent values of
α = 0.02, 0.03, 0.04 at ε = 0.3 (right).
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Figure 4. Time course of the curvature κ for a 1 Hz shortening signal and an exponential law for the pre–stretch (left). Comparison between the
theory of bimetallic thermostats (curves) and our 1D model (dots) for λpso = 1 and ε = 0.15 (red) and ε = 0.3 (blue) (right).
3.1. Shape control
As discussed in the Introduction, the design of a bio–hybrid system is a crucial task to determine the admissible
range of the design parameters in order to achieve the target shape of the specimen. In terms of our 1D model, we
look for a range of the design parameters that correspond to a particular solution of the problem (Λo ,Λ

1 ), attained
for ε = ε, α = α, m = m, and ha = ha . Approximating the longitudinal stretch of the beam by the pre–stretch,
the problem can be stated as follows:2 ﬁnd the relation between α and m such that, for a ﬁxed value of the pre–stretch
λ
ps
o , the following relation holds
κ(λpso , α,m, ha) = κ , (3.18)
2 In particular, for small m, the longitudinal stretch may be expressed as Λo = λ
ps
o + αλ
ps
o
(
1 + λ
ps
o
ε−1
)
m + O(m2) and it is always smaller than the
pre–stretch λpso .
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with κ the curvature corresponding to (Λo ,Λ

1 ). Figure 5 shows the solution of this problem for diﬀerent values of
κ = 1, 1.285, 1.4 mm−1 and λpso = 1. In particular, we show both the solution of the complete problem (red dotted
lines), given by the appropriate inversion of the equations (3.16) and the solution corresponding to the approximation
Λo  λpso (blue solid lines). In this latter case, curves may be explicitly written as
α = − 1
htκλ
ps
o
3m4
((
(ε − 1)2m2(1 + m)(−3(1 + m) + 3ε(1 + m) + 3λpso (1 + m)
− 2htκλpso 2(1 + m + m2))(−3 + 3ε + λpso (3 − 2htκλpso (1 + m)))
)1/2
(3.19)
+ (ε − 1)m
(
3(1 + m) − 3ε(1 + m) − 3λpso (1 + m) + htκλpso 2(2 + m(3 + 2m))
))
.
Within the range considered for the parameter m, the exact and approximate solutions are practically coincident. Each
curve divides the m−α plane into 2 parts: the top part consists of the pairs (α,m) which determine a curvature κ > κ,
whereas the bottom part consists of the pair (α,m) which determine a curvature κ < κ.
α
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
Figure 5. Approximate (blue solid lines) and exact (red dotted line) iso–solution curves in the plane (α,m) corresponding to κ = 1, 1.285, 1.4 mm−1.
4. Three–layers bio–hybrid narrow strips
We propose, as a proof–of–concept, a new architecture for a bio–hybrid system consisting of a passive and two
biological active layers working in parallel, with the passive as the middle layer. We assume that the direction of
the myocites is ﬁxed in such a way that on the top layer myocites are oriented roughly at 45◦ to the strip axis and
on the bottom layer are oriented perpendicularly to the top myocites (see ﬁgure 6). We expect that when an external
ε
z
h
a
h
a
h
p
i1
i2
i3
bottom
top
Figure 6. Sketch of a three–layers bio–hybrid narrow strip: ha and hp measure the thicknesses of the active and passive layer, respectively..
electrical stimulus activates the myocytes in the biological layers, the global eﬀect of the contraction is a deformation
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more complex than the plane bending shown in the previous section. Actually, driven by results got for diﬀerent
soft systems with the same key stiﬀer microstructure, we expect to get helicoid–like shapes and ribbon–like shapes,
depending on the aspect ratio of the strip.10,11,12
Before solving the electro–mechanical problem, with the myocites’s shortening driven by an electric stimulus, we
deal with the elastic problem of the system with the aim to understand which mechanical and geometrical parameters,
apart from the aspect ratio, drive the ﬁnal shape of the strip. We implemented the three–dimensional fully nonlinear
elastic problem already presented and shortly summed up in the Background section.5 The problem was solved via a
commercial ﬁnite element code using quartic elements for the displacement vector and linear elements for the pressure
ﬁeld. The mesh consists of 1200 elements corresponding to 35000 degrees of freedom.
Figure 7. Helicoid–like (left) and ribbon–like (right) shapes correspond to two diﬀerent aspect ratio b/h = 15, 77, respectively.
We assigned a one–parameter family of increasing shortening ε, going from 0 to 0.3, and solved the corresponding
one–parameter family of elastic problems starting from a ﬂat reference conﬁguration. Figure 7 shows the ﬁnal shapes
got from two strips with diﬀerent aspect ratios: on the left the helicoid–like shape corresponding to the smaller aspect
ratio (b/h = 15) and on the right the ribbon–like shape corresponding to the larger aspect ratio (b/h = 77).
Understanding the dependence of the other key geometrical factors such as the number of pitches in the ribbon–like
shape and the number of nodes in the helicoid–like shape is crucial to get shape control. However, each numerical
simulation is extremely heavy and, in our opinion, the shape control task can’t be got through ﬁnite element imple-
mentations. Explicit analyses based on the study of the energy functional corresponding to the two systems can be
done, following what already done for other systems.10,11 Of course, in this case, approximated solutions have to be
chosen, which can qualitatively and quantitatively describe the three–dimensional behavior of the systems, as shown
in the case of the two–layers bio–hybrid system under plane bending.
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